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Two relations, the virial relation MADM = MK and the first law in the form δMADM = ΩδJ ,
should be satisfied by a solution and a sequence of solutions describing binary compact objects in
quasiequilibrium circular orbits. Here, MADM, MK, J , and Ω are the ADM mass, Komar mass,
angular momentum, and orbital angular velocity, respectively. δ denotes an Eulerian variation.
These two conditions restrict the allowed formulations that we may adopt. First, we derive relations
between MADM and MK and between δMADM and ΩδJ for general asymptotically flat spacetimes.
Then, to obtain solutions that satisfy the virial relation and sequences of solutions that satisfy the
first law at least approximately, we propose a formulation for computation of quasiequilibrium binary
neutron stars in general relativity. In contrast to previous approaches in which a part of the Einstein
equation is solved, in the new formulation, the full Einstein equation is solved with maximal slicing
and in a transverse gauge for the conformal three-metric. Helical symmetry is imposed in the near
zone, while in the distant zone, a waveless condition is assumed. We expect the solutions obtained
in this formulation to be excellent quasiequilibria as well as initial data for numerical simulations of
binary neutron star mergers.
04.20.Fy, 04.30.Db, 04.40.Dg
I. INTRODUCTION
A detailed theoretical understanding of evolution of close binary neutron stars is one of the most important goals in
general relativity, since they are promising sources of gravitational waves for laser interferometric gravitational wave
detectors such as LIGO, TAMA, GEO, and VIRGO [1,2]. For the inspiral phase in which the orbital separation a
is much larger than the radius R of a neutron star, the orbital velocity is much smaller than the speed of light, and
finite-size effects of neutron stars may be ignored. Thus, a post Newtonian study together with the point particle
approximation is appropriate [3]. For a/R <∼ 4, however, the post Newtonian and point particle approximations
break down and numerical study is required to take into account the effect of tidal deformation of each star and full
effects of general relativity. The procedure to be adopted for such close orbits up to the merger is (i) to compute a
quasiequilibrium circular orbit at a distant orbit with a <∼ 4R and a >∼ 10M for which ratio of a radial approaching
velocity to the orbital one will be small (less than 1%) [4], and then (ii) to perform a numerical relativity simulation
adopting a distant quasiequilibrium with a >∼ 10M as the initial condition [5,6]. In this paper, we focus on the
formulation for computation of the quasiequilibrium in circular orbits.
So far, the quasiequilibrium states of binary neutron stars have been widely computed in the so-called conformal
flatness approximation (or Isenberg-Wilson-Mathews formalism) [7–11], in which the conformal three-metric is as-
sumed to be flat. The solution in this formulation satisfies the constraint equations of general relativity and, hence, it
is fully general relativistic for the initial value problem. However, it is only an approximate quasiequilibrium solution
for compact binaries, since conformally nonflat parts of the three-metric are not vanishing for the quasiequilibrium
binaries. Thus, such approximation produces a systematic error of magnitude ∼ (M/a)2 for the solution of quasiequi-
librium configurations [4]. The systematic error is also included in gravitational waves computed from the conformal
flat data of the quasiequilibrium binary [4,12] and in the numerical results of fully general relativistic simulations
started from initial conditions of the conformally flat quasiequilibria [5].
Formulations for computation of binary compact objects in quasiequilibrium circular orbits with a conformally
nonflat three-metric have been proposed by several authors (e.g., [13–18,4]). A promising approach to this problem is
to assume a helical Killing symmetry for the spacetime [17,18]. In this case, however, the solution contains standing
gravitational waves in the whole spacetime and the averaged energy density of gravitational waves falls off as r−2
where r denotes a radial coordinate, resulting in an asymptotically nonflat spacetime. Thus, the solution obtained in
such formulation is not physical in the distant wave zone, although the solution in the near zone and in a local wave
zone would describe a realistic spacetime of binary compact objects.
1
In this paper, we consider general relativistic formulations for computation of the quasiequilibrium circular orbits
assuming that the spacetime is asymptotically flat. First, we require that the following two conditions should be
satisfied for a solution and a sequence of the solutions of quasiequilibrium states:
• A quasiequilibrium solution that is stationary in the corotating frame should satisfy a virial relation associated
with the equality
MADM =MK, (1.1)
of the ADM and Komar masses defined in Sec. III.
• Binary compact objects inspiral adiabatically as a result of gravitational wave emission, conserving baryon mass,
entropy, and vorticity. Thus, along a sequence of quasiequilibrium solutions, the first law should be satisfied.
Here, the first law is written in the form
δMADM = ΩδJ, (1.2)
where δMADM and δJ are infinitesimal differences of the ADM mass and angular momentum along a quasiequi-
librium sequence, and Ω is an orbital angular velocity.
These two conditions are likely to be satisfied for binary neutron stars in nature. Thus, we should adopt a formulation
which provides a solution and a sequence of the solutions that satisfy two conditions at least approximately.
Based on this motivation, in this paper, we first derive relations for the differences,MADM−MK and δMADM−ΩδJ ,
in arbitrary asymptotic flat spacetimes. The condition that the differences vanish can be used to restrict formulations
that we can adopt. Using these conditions, several possible candidates for the formulations emerge. Among them, we
propose a formulation in which helical symmetry is imposed only in the near zone instead of in the whole spacetime.
Specifically, we impose a mixed condition; a helical symmetry condition in the near zone and a waveless condition
in the distant zone. To fix the gauge, we adopt the maximal slicing condition and a transverse gauge condition for
the upper component of the conformal three-metric. In this case, all components of the Einstein equation reduce to
elliptic equations as in the post Newtonian approximation. This implies that no standing waves appear in the wave
zone, although in the near zone, gravitational-wave-like components are present. We expect the solutions obtained in
this formulation to be excellent quasiequilibria as well as initial data for numerical simulations of binary neutron star
mergers.
The paper is organized as follows. In Sec. II, we describe the basic equations for quasiequilibria. In Sec. III, we
derive a relation between MADM and MK for arbitrary formulation and clarify the condition for the formulation that
its solution satisfies the virial relationMADM =MK. In Sec. IV, we derive a relation for the difference, δMADM−ΩδJ ,
and clarify the conditions on the formulation for which a sequence of solutions satisfies the first law. In Sec. V, we
propose formulations whose solutions and sequences of solutions approximately satisfy the virial relation and the first
law. Section VI is devoted to a summary.
Throughout this paper, we use geometrical units with G = 1 = c. Spacetime indices are Greek, spatial indices
Latin, and the metric signature is − + ++. Readers familiar with abstract indices can regard indices early in the
alphabet as abstract, while i, j, k, · · · are concrete, associated with a chart {xi}. If S is a 2-surface in a 3-space Σ and
ǫabc is the volume form on Σ associated with a 3-metric γab, we write dSa = ǫabcdS
bc; for S a surface of constant r,
dSa = ∇ar√γd2x.
II. FORMULATION
A. 3+1 formalism
Let Σt be a family of spacelike hypersurfaces, labeled by a time function t. Let t
α be a vector field transverse to
Σt for which t
α∇αt = 1, and denote by α and βα a nonvanishing lapse and a shift vector, respectively, with
tα = αnα + βα, βαnα = 0. (2.1)
Then, in a chart {t, xi}, we have tα = ∂t, and the metric gαβ = γαβ − nαnβ has the form
ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt). (2.2)
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With a spatial covariant derivative Da compatible with the spatial metric γab, the extrinsic curvature of Σt is given
by
Kab = −1
2
£nγab =
1
2α
(−∂tγab +Daβb +Dbβa), (2.3)
where γab and ∂tγab are the pullbacks to Σt of γαβ and £tγαβ .
In the canonical formulation of general relativity [19], {γab, πab, α and βa} are regarded as independent gravitational
field variables, where πab is defined by
πab := −(Kab − γabK)√γ. (2.4)
A perfect fluid is described by a stress-energy tensor
Tαβ = (ǫ + p)uαuβ + pgαβ , (2.5)
where uα, p, and ǫ are the fluid four-velocity, pressure, and energy density, respectively. The pressure and the energy
density are assumed to satisfy an equation of state of the form
p = p(ρ, s), ǫ = ǫ(ρ, s), (2.6)
where ρ is the baryon mass density and s the entropy per unit baryon mass.
In calculating the variation of the Lagrangian following Routh procedure, a perfect-fluid spacetime is specified by
the canonical variables, the lapse and the shift, that together describe the metric, and by Lagrangian variables for
the fluid, Q(λ) := [γab(λ), π
ab(λ), α(λ), βa(λ), uα(λ), ρ(λ), s(λ)]. The difference between two nearby solutions can be
treated in either of two ways. Changes in the metric variables will be written as Eulerian variations, denoted by δ; the
Eulerian change is the difference between corresponding quantities in the two solutions at a fixed point in spacetime.
Changes in fluid variables will be written as Lagrangian variations. Introducing a Lagrangian displacement vector
field ξα, one defines the Lagrangian change in any fluid variable as the change with respect to a frame dragged by ξα.
Formally The Lagrangian change ∆Q in a quantity Q is then related to the Eulerian change δQ by
∆Q = δQ+ £ξQ. (2.7)
The description of fluid perturbation in terms of a Lagrangian displacement ξα has a gauge freedom associated with
a class of trivial displacements that yield no Eulerian change in the fluid variables. We use this freedom to choose a
gauge in which ξt := ξα∇αt = 0, following [20,21].
The Einstein-Hilbert action
S =
∫
Ld4x, (2.8)
with the Lagrangian density
L =
(
1
16π
4R− ǫ
)√−g, (2.9)
takes, in terms of Hamiltonian metric variables, the form
16πL = πab∂tγab − αHG − βaCaG +Da(−2Daα
√
γ − 2βbπab + βaπ)− ∂tπ − 16π ǫ
√−g, (2.10)
where 4R is the Ricci scalar,
HG := −2Gαβnαnβ√γ , CaG := −2Gαβγαanβ
√
γ , (2.11)
and Gαβ is the Einstein tensor.
The variation in the Lagrangian density is given by
δL = −ρT√−g∆s− h
ut
∆(ρut
√−g)
+
1
16π
[
−δαH− δβaCa + δπab
{
∂tγab −Daβb −Dbβa − 2α√
γ
(
πab − 1
2
γabπ
)}
− δγab(Gab − 8πSab)α√γ
]
−ξα∇βTαβ
√−g +DaΘ˜a√γ − 1
16π
∂t(δπ
ab γab) + ∂t(jaξ
a√γ) , (2.12)
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where T is the temperature, h is the enthalpy defined by h := (ǫ + p)/ρ, and
Gab := Gαβγα
aγβ
b and Sab := Tαβγα
aγβ
b. (2.13)
With definitions
ρH := T
αβnαnβ and j
a := −Tαβγαanβ, (2.14)
we set
H := −2(Gαβ − 8πTαβ)nαnβ√γ = HG + 16π ρH = −
[
R− 1
γ
(πabπ
ab − 1
2
π2)− 16πρH
]√
γ, (2.15)
Ca := −2(Gαβ − 8πTαβ)γαanβ √γ = CaG − 16π ja
√
γ = −2(Dbπab + 8πja√γ), (2.16)
where R is the Ricci scalar with respect to γab. The density Θ˜
a is the surface term of the Lagrangian density,
Θ˜a =
1
16π
[
1√
γ
{
− 2δ(Daα√γ) + (βaγbcδπbc + πδβa − 2πabδβb)
}
+ (γacγbd − γabγcd)(αDbδγcd −Dbα δγcd)
]
+ α(ǫ + p)qabξ
b − βajbξb, (2.17)
where qab := (gαβ + uαuβ)γα
aγβ
b.
Independently varying the metric variables, {δα, δβa, δγab, δπab}, gives the field equations,
H = 0, Ca = 0, and Gab − 8πSab = 0, (2.18)
and the relation,
∂tγab −Daβb −Dbβa − 2α√
γ
(
πab − 1
2
γabπ
)
= 0. (2.19)
Equation (2.19) is consistent with the definition of πab [cf. Eq. (2.4)].
When the field equations are satisfied, the Bianchi identity implies ∇βTαβ = 0. The variation of the action with
respect to the (spatial) Lagrangian displacement vector is the spatial projection of this relation, the relativistic Euler
equation,
γaα∇βTαβ = 0. (2.20)
For an isentropic fluid, conservation of baryon mass and entropy are given by
£u(ρ
√−g) = 0 and £us = 0. (2.21)
Equations (2.21) and (2.20) together imply ∇βTαβ = 0.
It is often convenient to rewrite the above set of basic equations in terms of the conformally related spatial metric
γ˜ab and the tracefree part of the extrinsic curvature A˜ab, defined by
γ˜ab := ψ
−4γab, (2.22)
A˜ab := ψ
−4
(
Kab − 1
3
γabK
)
, (2.23)
where ψ is a conformal factor and K := Kabγ
ab. Here, we may impose the condition, γ˜ := det(γ˜ab) = det(ηab) =: η,
where ηab is a flat 3-metric. In the following, indices of variables with a tilde, such as A˜ab, A˜
ab, β˜a, and β˜
a(= βa),
are raised and lowered by γ˜ab and γ˜
ab, respectively.
The Hamiltonian constraint H = 0 and the momentum constraint Ca = 0 are written in terms of Kab:
R−KabKab +K2 = 16πρH , (2.24)
DbK
b
a −DaK = 8πja. (2.25)
With the conformal transformation (2.22) and (2.23), Eqs. (2.24) and (2.25) are rewritten in the form
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∆˜ψ =
ψ
8
R˜− 2πρHψ5 − ψ
5
8
(
A˜abA˜
ab − 2
3
K2
)
, (2.26)
D˜b(ψ
6A˜ba)−
2
3
ψ6D˜aK = 8πjaψ
6. (2.27)
Here, R˜, D˜a, and ∆˜ are the Ricci scalar, the covariant derivative, and the Laplacian with respect to γ˜ab, respectively.
The evolution equations for γab and Kab are
∂tγab= −2αKab +Daβb +Dbβa, (2.28)
∂tKab= αRab −DaDbα+ α(KKab − 2KacK cb ) + (Dbβc)Kca + (Daβc)Kcb + (DcKab)βc
− 8πα
[
Sab +
1
2
γab
(
ρH − S cc
)]
, (2.29)
where Rab is the Ricci tensor with respect to γab.
Contracting γab with Eqs. (2.28) and (2.29) and using Eq. (2.24), one obtains
∂tψ=
ψ
6
(
−αK +Dcβc
)
, (2.30)
∂tK= αKabK
ab −∆α+ 4πα(ρH + S aa ) + βa∂aK, (2.31)
where ∆ = DaD
a. To write the evolution equation of K in the form of Eq. (2.31), we use the Hamiltonian constraint
equation (2.24).
In the following, we choose the maximal time slicing condition K = 0 = ∂tK. With this condition, Eq. (2.31)
reduces to an elliptic equation for α,
∆α = αA˜abA˜
ab + 4πα(ρH + S
a
a ), (2.32)
where we keep spatial indices abstract until fixing the spatial gauge condition. Using Eq. (2.26), this equation is
rewritten
∆˜(αψ) = 2παψ5(ρH + 2S
a
a ) +
7
8
αψ5A˜abA˜
ab +
αψ
8
R˜ . (2.33)
Using Eqs. (2.28), (2.29), (2.30), and (2.31), the evolution equations for γ˜ab and A˜ab are
∂tγ˜ab = −2αA˜ab + D˜aβ˜b + D˜bβ˜a − 2
3
γ˜abD˜cβ˜
c, (2.34)
∂tA˜ab = ψ
−4
[
α
(
Rab − ψ
4
3
γ˜abR
)
−
(
DaDbα− ψ
4
3
γ˜abDcD
cα
)]
−2αA˜acA˜ cb + D˜aβcA˜cb + D˜bβcA˜ca −
2
3
D˜cβ
cA˜ab + β
cD˜cA˜ab
−8πα
(
ψ−4Sab − 1
3
γ˜abS
c
c
)
. (2.35)
Now, Rab is split,
Rab = R˜ab +R
ψ
ab, (2.36)
where R˜ab is the Ricci tensor with respect to γ˜ab and
Rψab = −
2
ψ
D˜aD˜bψ − 2
ψ
γ˜ab∆˜ψ +
6
ψ2
D˜aψD˜bψ − 2
ψ2
γ˜abD˜cψD˜
cψ. (2.37)
R˜ab is then written in the form
R˜ab =
1
2
[
−γ˜cd
(0)
D c
(0)
Dd γ˜ab−
(0)
D b (γ˜acF
c)−
(0)
Da (γ˜bcF
c)
− (
(0)
D c γ˜bd)
(0)
Da γ˜
cd − (
(0)
D c γ˜ad)
(0)
D b γ˜
cd + 2F cCc,ab − 2CdcbCcad
]
=
1
2
[
−
(0)
∆ h˜ab−
(0)
D b (γ˜acF
c)−
(0)
Da (γ˜bcF
c)
]
+ R˜NLab , (2.38)
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where F a :=
(0)
D b γ˜
ab,
(0)
Da is the covariant derivative associated with ηab, and
(0)
∆= ηcd
(0)
D c
(0)
Dd. R˜
NL
ab is the collection of
the nonlinear terms in h˜ab and defined by
R˜NLab := −
1
2
[
f˜ cd
(0)
D c
(0)
Dd h˜ab + (
(0)
D c h˜bd)
(0)
Da f˜
cd + (
(0)
D c h˜ad)
(0)
D b f˜
cd
]
+ F cCc,ab − CdcbCcad. (2.39)
Here, h˜ab and f˜
ab are introduced, respectively, by
h˜ab := γ˜ab − ηab and f˜ab := γ˜ab − ηab. (2.40)
Ccab and Cc,ab are defined by
Ccab :=
γ˜cd
2
((0)
Da h˜bd+
(0)
D b h˜ad−
(0)
Dd h˜ab
)
and Cd,ab := γ˜cdC
c
ab, (2.41)
and Cccd =
(0)
Dd (
√
γ˜/η)/
√
γ˜/η = 0, when γ˜ = η.
B. Basic equations for quasiequilibria
Compact binary systems in quasiequilibrium circular orbits evolve toward merger due to gravitational radiation
reaction. Since the emission time scale of gravitational waves is longer than the orbital period even just before the
merger, we may expect that the fluid and field variables near the support of fluid source (or inside the light cylinder)
in the frame rotating with the same angular velocity as the orbital motion are approximately unchanged along a
direction of a helical vector
kα = tα +Ωφα, (2.42)
where φα is a spatial vector field which generates a family of closed circular curves on Σt, and Ω denotes the orbital
angular velocity.
First, we derive hydrodynamic equations to describe binary neutron stars in quasiequilibrium circular orbits. The
baryon mass conservation law Eq. (2.21) and the Euler equation Eq. (2.20) are written
£k+v(ρu
t√−g) = 0, (2.43)
γa
α
£k+v(huα) + Da
(
h
ut
)
= 0. (2.44)
Then, we impose the conditions that the Lie derivatives along kα vanish
£k(ρu
t√−g) = 0, (2.45)
γa
α
£k(huα) = 0. (2.46)
Here, a spatial velocity vector vα is introduced by
uα = ut(kα + vα). (2.47)
From conditions (2.45) and (2.46), the relation £k(ja
√
γ) = 0 also follows. In the above, we assumed isentropic flow,
which leads to the local first law of the thermodynamics,
1
ρ
∇αp = ∇αh. (2.48)
Equation (2.48) also implies that a one-parameter equation of state may be chosen. We thus have four independent
variables for the fluid, three for the fluid velocity and one thermodynamic variable, governed by four equations (2.43)
and (2.44).
For corotational flow uα = utkα (that is vα = 0) or irrotational flow huα = ∇αΦ, where Φ is a velocity potential,
one can obtain a first integral of the Euler equation that is useful for computing quasiequilibrium configurations. For
corotational flow, the velocity field becomes trivial and the first integral is the statement that the injection energy is
constant in the fluid:
6
hut
= constant. (2.49)
For irrotational flow, one thermodynamic variable and a velocity potential are governed by two equations [22],
Da
[αρ
h
(
DaΦ− hutωa)] = 0, (2.50)
£vΦ +
h
ut
= constant, (2.51)
derived from Eqs. (2.43) and (2.44), respectively. Here, the Lie derivative with respect to the spatial vector va, £v,
is defined on Σt with a relation
va = γaα
(
uα
ut
− ωα
)
=
1
hut
DaΦ− ωa, (2.52)
where ωα is a rotational shift vector defined by ωα = βα +Ωφα.
Note that the symmetry of the spacetime with respect to the helical vector kα has not been imposed yet. Thus, the
Lie derivatives of the fluid quantities along kα may not vanish, e.g., £kρ 6= 0, £kuα 6= 0, £kρH 6= 0, and £kSab 6= 0.
The values of these quantities depend on the formulation for gravitational fields that we choose below; their magnitude
measures the deviation from the helical symmetry.
We turn to the formulation for the gravitational fields of binary systems in quasicircular orbits. Here, we do not
assume a global helical symmetry for the whole spacetime. First, we define uab := ∂tγ˜
ab and regard it as an input
quantity: It is determined when we impose a certain condition between γ˜ab on two spatial hypersurfaces of infinitesimal
time difference, following the concept of a thin sandwich formalism proposed by York [23]. In this section, we continue
calculation without fixing the condition for uab except for a requirement
uab = ∂tγ˜
ab = O(r−3), (2.53)
in a far zone (r ≫ 2πΩ−1). This condition guarantees the asymptotic flatness of the system on a slice Σt, but breaks
the helical symmetry for γ˜ab in the far zone. The lower component of the time derivative is defined by
uab := −γ˜acγ˜bducd. (2.54)
We also define
vab := ∂tAˆab, (2.55)
where Aˆab := ψ
6A˜ab. Later, we will impose a condition on vab.
Bonazzola et al. [15] propose a “gravito-inelastic approximation” in which they set uab = 0, while ∂tAˆ
ab is free. On
the other hand, Scha¨fer and Gopakumar [16] propose a minimal no-radiation approximation, in which the transverse-
tracefree part of ∂tπ
ab is restricted. We determine the conditions in the more rigid way: Our conditions for uab and
vab are determined from the requirement that the quasiequilibrium solution and its sequence satisfy the virial relation
and first law at least approximately. This subject will be discussed in Secs. III and IV.
Equation (2.34) is regarded as the equation for determining A˜ab, namely,
2αA˜ab = D˜aβ˜b + D˜bβ˜a − 2
3
γ˜abD˜cβ˜
c − uab. (2.56)
Then, substituting Eq. (2.56) into Eq. (2.27), we obtain
∆˜β˜a +
1
3
D˜aD˜bβ˜
b + R˜abβ˜
b + D˜b ln
(
ψ6
α
)[
D˜bβ˜a + D˜aβ˜b − 2
3
γ˜abD˜cβ˜
c
]
− α
ψ6
D˜c
(
α−1ψ6γ˜bcuab
)
= 16παja. (2.57)
This elliptic equation determines β˜a.
Regarding vab as an input quantity, the evolution equation for A˜ab may be rewritten as an elliptic equation for h˜ab,
(0)
∆ h˜ab = 2
[
Rψab −
1
2
(0)
Da (F
cγ˜cb)− 1
2
(0)
D b (F
cγ˜ca) +R
NL
ab −
ψ4
3
γ˜abR− 1
α
(
DaDbα− ψ
4
3
γ˜ab∆α
)]
−4ψ4A˜acA˜ cb +
2ψ4
α
(
D˜aβ
cA˜cb + D˜bβ
cA˜ac − 2
3
D˜cβ
cA˜ab + β
cD˜cA˜ab
)
−16π
(
Sab − ψ
4
3
γ˜abS
c
c
)
− 2ψ
4
α
∂tA˜ab. (2.58)
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Together with the above equations for h˜ab and β˜a, the elliptic equations (2.26) and (2.33) are solved for ψ and χ := αψ,
respectively.
To summarize, the Einstein equations are rewritten as four elliptic equations (2.26), (2.33), (2.57), and (2.58) for
ψ, χ, βa, and h˜ab, with u
ab = ∂tγ˜
ab and vab = ∂tAˆab which are regarded as input quantities that satisfy a certain
ansatz. The asymptotic behavior of uab and vab is chosen to preclude standing waves in the far zone, r ≫ 2πΩ−1.
The simultaneous equations for the metric and the fluid on a slice Σt is then similar to the equations for the initial
value problem since the equations for the metric variables are elliptic.
To solve the equations for h˜ab, we need to fix the spatial gauge. The simplest choice is a transverse gauge [4] (or a
generalized Dirac gauge in the terminology of [15]), satisfying
F a =
(0)
D b γ˜
ab = 0. (2.59)
With this choice, the equations for h˜ij and R˜ are significantly simplified, resulting in that the operator for the linear
terms of h˜ij in its elliptic equation becomes the flat Laplacian. Furthermore, the behavior of the source terms of the
elliptic equations for ψ and χ for r ≫ 2πΩ−1 have suitable asymptotic behavior, because F i = O(r−3) and, hence,
R˜ = O(r−4). Thus, the source terms of elliptic equations for ψ and χ are O(r−4) in the present gauge. This implies
that we can numerically solve these equations without serious difficulties.
As a result of the present choice of gauge conditions, the asymptotic behavior as r →∞ of the geometric variables
is [24]
ψ = 1 +
MADM
2r
+O(r−2), (2.60)
α = 1− MK
r
+O(r−2), (2.61)
βk = − 1
4r2
(
6Zklrˆ
l + 3Zij rˆ
irˆj rˆk − Zllrˆk + 8ZASkl rˆl
)
+O(r−3), (2.62)
h˜ij = O(r
−1), ∂kh˜ij = O(r
−2), ∂k∂lh˜ij = O(r
−3), (2.63)
A˜ij = − 1
4r3
[
6Zij − 2δijZkk − 6Zilrˆlrˆj − 6Zjlrˆlrˆi + 4δijZklrˆk rˆl
+ (5Zklrˆ
k rˆl − Zll)(δij − 3rˆirˆj)− 12(ZASik rˆk rˆj + ZASjk rˆk rˆi) + Uij
]
+O(r−4), (2.64)
where MADM and MK denote the ADM mass and Komar mass (see Sec. III), rˆ
k = xk/r, and Zkl and Z
AS
kl are
time-dependent symmetric and antisymmetric moments, respectively. Equation (2.64) implies that the total linear
momentum of the system is implicitly assumed to be zero, as∫
∞
A˜ ij dSi =
∫
∞
ψ6A˜ ij dSi = 0. (2.65)
Here ∫
∞
:= lim
r→∞
∫
Sr
,
with Sr a sphere of constant r. The antisymmetric moment can be related to the angular momentum of the system
as
ZASkl = −Jjǫjkl, (2.66)
where ǫjkl is the completely antisymmetric symbol. In the Newtonian limit,
Zkl =
∫
ρ(vkxl + vlxk)d3x =
dIkl
dt
, (2.67)
ZASkl =
∫
ρ(vkxl − vlxk)d3x, (2.68)
where Iij is the quadrupole moment. Uij in Eq. (2.64) is a symmetric tracefree moment determined by the asymptotic
behavior of uij .
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A solution to the simultaneous equations derived here satisfies the constraint equations of the Einstein equation.
In this sense, it can be referred to as a fully general relativistic solution and can be used as an initial condition of the
(3+1) numerical simulation. However, since we do not assume the helical symmetric relation £kγab 6= 0, the solution
does not satisfy the equation for quasiequilibrium exactly. As a result, £kψ, £kα, and £kβ
a would be slightly different
from zero in general. Deviation of these quantities from zero can measure the violation of the helical symmetry. The
magnitude of the deviation depends on our choice of uab and vab.
III. RELATIONS BETWEEN MADM AND MK
In this section, we derive the conditions needed for equality of the ADM mass MADM and the Komar mass MK.
This equality is closely related to the virial relations as discussed in Appendix A.
1. Sufficient conditions for equality of MK and MADM
The Komar mass [25] is constructed from a vector ζα that approaches a timelike Killing vector of a flat asymptotic
metric at spatial infinity. As presented in [26], ζα = −α2∇αt, and
MK =
1
8π
∫
∞
(∇βζα −∇αζβ)nαdSβ . (3.1)
With the metric written in the form (2.2), one uses the relations nα = α∇αt and nβ∇βnα = α−1γaαDaα, to obtain
∇β(∇βζα −∇αζβ)nα = α∇β{γβγ [∇α(αnγ)−∇γ(αnα)]∇αt} = 2DaDaα. (3.2)
Using Eq. (3.2), we have
1
8π
∫
2DaD
aαdV =
1
4π
∫
∞
Daα dSa, (3.3)
and thus, we reach the familiar form [27]
MK =
1
4π
∫
∞
Daα dSa. (3.4)
For a stationary spacetime, with ζα the asymptotically timelike Killing vector, Beig [28] and Ashtekar and Ashtekar
[29] prove the equality MK = MADM. We obtain here more general asymptotic conditions sufficient for equality in
the following way (patterned in part on Beig’s work). Suppose that the metric has the form (2.2), with1
γij = ηij + hij , (3.5)
hij = O(r
−1), Dkhij = o(r
−1), DkDlhij = o(r
−3/2), (3.6)
and suppose that the lapse, shift, and extrinsic curvature satisfy
α = 1− α
1
r
+ o(r−1), ∂rα =
α1
r2
+ o(r−2), ∂2rα = −2
α1
r3
+ o(r−3); (3.7)
βi = O(r−1−ǫ), ∂jβ
i = o(r−3/2); (3.8)∫
∞
dΩˆKrr = o(r
−3), Kij = o(r
−3/2), ∂kKij = o(r
−2+ǫ), (3.9)
where
∫
dΩˆ denotes a surface integral. Then MK =MADM.
1The definition hij here is slightly different from h˜ij in Eq. (2.40) in Sec. II B.
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To prove this claim, it is useful to introduce δ 3Gij , the part of
3Gij linear in hij . The idea is to show that if δ
3Gij
is the asymptotically dominant part of 3Gij , then∫
∞
3Gijx
j dSi = −8πMADM. (3.10)
One then uses the field equation for 3Gij (the dynamical equation for Kij) to show that this integral can be written
in the form (3.4) of the Komar mass, when Kij , £βKij , and ∂tKrr fall off rapidly enough at spatial infinity.
Formally,
δ 3Gij =
1
2
( (0)
D i
(0)
Dk h
k
j+
(0)
D j
(0)
Dk h
k
i−
(0)
∆ hij−
(0)
D i
(0)
D j h
k
k + ηij
(0)
∆ h
k
k − ηij
(0)
Dk
(0)
D l h
kl
)
, (3.11)
where the index of hij is raised by the flat metric η
ij . The asymptotic behavior of 3Gij is given by
3Gij − δ3Gij = o(r3). (3.12)
This is because each term in 3Gij involves either DkDlhij or DkhijDlhmn; then terms quadratic or higher order in
hij fall off as rapidly as either hmnDkDlhij or DkhijDlhmn.
From the linearized Bianchi identity,
(0)
D jδ 3Gij = 0, we have∫
∞
3Gijx
jdSi =
∫
(0)
D
i(δ 3Gij x
j)
√
ηd3x =
∫
δ 3Gij η
ij√ηd3x, (3.13)
where
ηijδ 3Gij = −1
2
(0)
D i
(0)
D j h
ij +
1
2
(0)
∆ h
k
k =
1
2
(0)
D i (
(0)
D
ihkk −
(0)
D j h
ij). (3.14)
Then ∫
∞
3Gijx
j dSi = −1
2
∫
∞
(
(0)
D j h
ij−
(0)
D
ihkk)dSi =: −8πMADM. (3.15)
Next, from Eqs. (2.29) and (2.24), 3Gij has, outside the matter, the form
3Gij = Rij − 1
2
γijR
=
1
α
DiDjα− 1
2
γij
1
α
∆α+
1
α
(
∂tKij − 1
2
γijγ
kl∂tKkl
)
+ 2KikK
k
j −KijK
−γij
(
KklK
kl − 1
2
K2
)
+
1
α
£βKij − 1
2α
γijγ
kl
£βKkl. (3.16)
Since the terms involving Kij are o(r
−3), we have∫
∞
3Gijx
j dSi =
∫
∞
DiDjα rˆ
irˆjr3dΩˆ. (3.17)
Now ∂kγij = O(r
−2) and ∂iα = O(r
−2) imply
D 2r α = ∂
2
r α + O(r
−4). (3.18)
Finally, from Eq. (3.4) and the asymptotic form (3.7) of α, we have
MK =
1
4π
∫
∞
α1 dΩˆ, (3.19)
and ∫
∞
3Gijx
j dSi =
∫
∞
D 2r α r
3 dΩˆ = −8πMK, (3.20)
whence
MADM =MK. (3.21)
The asymptotic behavior of Eqs. (2.60)–(2.64) does not always satisfy the conditions (3.9), because ∂tKij is O(r
−3),
not o(r−3).
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2. Relation between MK and MADM in the waveless approximation
For quasiequilibrium binary solutions that satisfy Eqs. (2.54)–(2.58), with K = 0, a slightly different relation holds
between MK and MADM. The asymptotic behavior given in Eqs. (2.63) and (2.60) implies
Dihij = O(r
−2), DiDjhij = O(r
−3). (3.22)
For the asymptotic behavior of Eqs. (2.60)–(2.64), together with Eq. (3.22), Eq. (3.15) still holds and
∫
∞
3Gijx
jdSi = −8πMK +
∫
∞
∂tKrrr
3dΩˆ = −8πMK + 1
4
∫
∞
∂t(12Zrr − Urr)dΩˆ, (3.23)
or
MADM =MK − d
dt
(
3
2
Zrr − 1
8
Urr
)
. (3.24)
Using
∫
∞
rˆirˆjdΩˆ =
4π
3
δij , (3.25)
Equation (3.23) may be written in asymptotically Cartesian coordinates as
∫
∞
3Gijx
jdSi = −8πMK +
∫
∞
∂tKij rˆ
irˆjr3dΩˆ = −8πMK + 4πdZkk
dt
, (3.26)
whence
MADM =MK − 1
2
dZkk
dt
. (3.27)
We note that a similar expression has been derived for the maximal slicing condition in the first post Newtonian
approximation [30]. The expression here is the fully general relativistic generalization.
In the presence of a timelike Killing vector, we may set
∂tγ˜ab = 0, (3.28)
∂t(ψ
4πab) = 0, (3.29)
d
dt
Zkk = 0, (3.30)
and, hence, the virial relation MADM = MK holds. This condition should be satisfied not only for axisymmetric
equilibria but also for nonaxisymmetric ones such as general relativistic Dedekind solutions.
The integral of Kij in the above expression may be computed further as
∫
∞
∂tKij rˆ
irˆjr3dΩˆ =
1
8π
d
dt
∫
∞
Ka
bxadSb =
1
8π
d
dt
∫
Db(πa
bxa)d3x
= − d
dt
∫
xajadV +
1
16π
d
dt
∫
πab xc
(0)
D c γabd
3x, (3.31)
which yields
MADM =MK +
d
dt
∫
xaja dV − 1
16π
∫
(∂tπ
ab xc
(0)
D c γab + π
ab xc
(0)
D c ∂tγab)d
3x
=MK +
d
dt
∫
xaja dV − 1
16π
∫
[∂t(ψ
4πab)xc
(0)
D c γ˜ab + ψ
4πab xc
(0)
D c ∂tγ˜ab]d
3x. (3.32)
In a gauge with K = 0, Eq. (3.32) can be written as
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MADM =MK +
d
dt
∫
xaja dV − 1
16π
∫
[∂tAˆab x
c
(0)
D c γ˜
ab + Aˆab x
c
(0)
D c ∂tγ˜
ab]d3x
=MK +
d
dt
∫
xaja dV − 1
16π
∫
[vab x
c
(0)
D c γ˜
ab + Aˆab x
c
(0)
D c u
ab]d3x, (3.33)
where a relation πab xc
(0)
D c γab = Aˆab x
c
(0)
D c γ˜
ab is used. Since we always impose a condition £k(ja
√
γ) = 0, the second
integral can be discarded because of the relation,
d
dt
∫
xajadV =
∫
∂t(x
aja
√
γ)d3x =
∫
£k(x
aja
√
γ)d3x = 0. (3.34)
Thus, Eq. (3.33) is written as
MADM =MK − 1
16π
∫
(vab x
c
(0)
D c γ˜
ab + Aˆab x
c
(0)
D c u
ab)d3x. (3.35)
If we assume that the spacetime is everywhere helically symmetric, £kgαβ = 0, then it is not asymptotically flat
and, hence, the integrals in Eqs. (3.32) and (3.33), as well as MADM, are not defined. Instead, we require helical
symmetry only in the near zone and the local distant zone. In this case, in the local zone, we should set £kγ˜
ab = 0
and £kAˆab = 0 which can be written as
uab = ∂tγ˜
ab = −£Ωφγ˜ab, (3.36)
vab = ∂tAˆab = −£ΩφAˆab, (3.37)
while in the distant zone, uab → 0 and vab → 0 for r → ∞. With these choices, dZkk/dt vanishes, and hence, the
virial relation MADM = MK is satisfied. The virial relation is satisfied for the simple case u
ab = vab = 0; Equation
(3.35) reminds us that it is satisfied in the conformal flatness approximation γ˜ab = ηab, i.e., uab = 0 [21].
IV. RELATION FOR δMADM AND δJ
A first law for binary systems with a helical Killing field kα has been formulated as relating a change in a conserved
charge Q, associated with a family of helically symmetric spacetimes [21], to the changes in the vorticity, baryon mass,
and entropy of the fluid as well as in the area of black holes. In [21], we prove that a relation δQ = δMADM − ΩδJ
holds for asymptotically flat systems, where Ω is the orbital angular velocity of a binary system in circular orbits.
In inspiraling binary neutron stars, entropy, baryon mass, and vorticity are almost constant and, hence, energy
and angular momentum are dissipated only by gravitational radiation. Thus, the relation dMADM/dt = ΩdJ/dt is
satisfied. Then, we should require that, in a formalism for computing asymptotically flat binary equilibria, a first law
δMADM = ΩδJ is satisfied. In this section, we present a heuristic way to derive a relation held between the variations
of the ADM mass and the angular momentum without assuming any symmetry for perfect-fluid spacetimes, but
requiring the field equations to be satisfied. Then, we identify sources for the violation of the first law. In the
following calculation, no gauge condition is specified; and surface terms associated with black hole horizons are not
included.
In contrast to our earlier paper [21], no helical symmetry is assumed. Instead, we assume only that the field
equations derived in Sec. II are satisfied. The field equations are used to relate the Komar mass to the Lagrangian
density and the other terms in the manner
MK =
1
4π
∫
∞
DaαdSa =
1
4π
∫
DaDaαdV
= 2
∫ {
ρut
√−ghuαvα − L− 1
16π
γab∂tπ
ab − 1
16π
Da(2π
abβb − πβa)
}
d3x, (4.1)
where the definition of vα, slightly different from the previous section, is uα = ut(tα+vα) with vαnα = 0. To compute
the last equality, we first use a part of the Einstein equation,
(
Gαβ − 8πTαβ)
(
γαβ + nαnβ +
2
α
βαnβ
)
α
√
γ
= γab∂tπ
ab + 2DaDaα
√
γ + 16π
(
−1
2
T αα − ǫ
)√−g − 16πρut√−ghuαvα +Da(2πabβb − πβa) = 0. (4.2)
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We then subtract the trace of the Einstein equation (Gαβ − 8πTαβ)gαβ = −R − 8πT αα = 0 to relate MK to the
Lagrangian density (2.9).
The angular momentum is defined by
J = − 1
8π
∫
∞
πabφ
bdSa = − 1
8π
∫
Da(π
a
bφ
b)d3x = − 1
8π
∫
(φaDbπ
b
a + π
abDbφa)d
3x
=
∫ (
jaφ
a√γ − 1
16π
πab£φγab
)
d3x, (4.3)
where the momentum constraint Ca = 0 is used in the last equality.
The variations of MK and J are computed following [21]. First, we take the variation of Eq. (4.1) for MK,
δMK = 2
∫ {
∆(ρut
√−ghuαvα)− δL − 1
16π
δ(γab∂tπ
ab)− 1
16π
Daδ(2π
abβb − πβa)
}
d3x, (4.4)
and substitute the following relation into the first term,
∆(ρut
√−ghuαvα) = huαvα∆(ρut
√−g) + ρut√−gvα∆(huα) + ja√γ∂tξa, (4.5)
where we used the facts that a choice of ξt = 0 implies ∆vα = −∆tα = £tξα and that £tξα∇αt = 0 yields
ρut
√−ghuα£tξα = ja√γ∂tξa. To the second term, the variation in the Lagrangian density Eq. (2.12) is applied.
When all components of the Einstein equation and the Bianchi identity, Eqs. (2.18)–(2.21), are satisfied, δMK
becomes
δMK = 2
∫ [
ρT∆s
√−g +
(
h
ut
+ huαv
α
)
∆(ρut
√−g) + vα∆(huα)ρut
√−g − ξa∂t(ja√γ)
+
1
16π
(δπab∂tγab − δγab∂tπab)−Da
{
Θ˜a
√
γ +
1
16π
δ(2πabβb − πβa)
}]
d3x. (4.6)
The contribution of the surface term of the above equation is given by
− 2
∫
Da
[
Θ˜a
√
γ +
1
16π
δ(2πabβb − πβa)
]
d3x = −2
∫
∞
Θ˜adSa
=
1
4π
∫
∞
DaδαdSa − 1
8π
∫
∞
(γacγbd − γabγcd)DbδγcddSa = δMK − 2δMADM. (4.7)
Combining Eqs. (4.6) and (4.7), the variation in the ADM mass MADM, instead of Komar mass MK, is written
δMADM =
∫ {
ρT∆s
√−g +
(
h
ut
+ huαv
α
)
∆(ρut
√−g) + vα∆(huα)ρut
√−g − ξa∂t(ja√γ)
+
1
16π
(δπab∂tγab − δγab∂tπab)
}
d3x . (4.8)
The variation in the angular momentum δJ , computed in a similar way from Eq. (4.3), is
δJ =
∫ {
∆(jaφ
a√γ)− 1
16π
δ(πab£φγab)
}
d3x
=
∫ {
huαφ
α∆(ρut
√−g) + φα∆(huα)ρut
√−g + ξa£φ(ja√γ)
− 1
16π
(δπab£φγab − δγab£φπab)− £φ
(
jaξ
a√γ + 1
16π
πabδγab
)}
d3x, (4.9)
where
∆(jaφ
a√γ) = ∆(ρut√−g)huαφα + ρut
√−gφα∆(huα)− ja√γ£φξa
= ∆(ρut
√−g)huαφα + ρut
√−gφα∆(huα) + ξa£φ(ja√γ)− £φ(jaξa√γ), (4.10)
which results from relations jaφ
a√γ = ρut√−ghuαφα, δφα = 0, and ∆φα = −£φξα. The last term in the integral of
Eq. (4.9) vanishes since it becomes a surface integral with a combination φadSa = 0.
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Finally, Eqs. (4.8) and (4.9) are combined to derive a relation
δMADM − ΩδJ =
∫ [
ρT∆s
√−g +
{
h
ut
+ huα(v
α − Ωφα)
}
∆(ρut
√−g) + (vα − Ωφα)∆(huα)ρut
√−g
− ξa£t+Ωφ(ja√γ) + 1
16π
(δπab£t+Ωφγab − δγab£t+Ωφπab)
]
d3x, (4.11)
where £t+Ωφ = ∂t + £Ωφ, which operates on the spatial quantities, is understood as a pullback of the Lie derivative
along the helical vector field onto Σt. The first three terms of Eq. (4.11) are the same as those derived in our previous
paper [21] except for the definition of the spatial velocity vα = uα/ut (in [21], we used the definition vα = uα/ut−Ωφα).
The difference also changes the definition of the shift.
As discussed in [21], for an isentropic fluid, conservation of baryon mass, entropy, and vorticity become
£u(ρ
√−g) = 0, £us = 0, and £uωαβ = 0. (4.12)
These imply perturbed conservation laws,
∆(ρut
√−g) = 0, ∆s = 0, and ∆ωαβ = 0, (4.13)
that will be almost satisfied during binary inspiral before the merger. Here, the relativistic vorticity ωαβ is given by
ωαβ = qα
γqβ
δ [∇γ (huδ)−∇δ (huγ)] = ∇α (huβ)−∇β (huα) . (4.14)
The third term in Eq. (4.11) vanishes for (i) corotating binaries, flows with vα = Ωφα, and (ii) irrotational binaries,
potential flows with huα = ∇αΦ. For the latter case, the third term in Eq. (4.11) with ∆(huα) = ∆∇αΦ = ∇α∆Φ
becomes ∫
(vα − Ωφα)∆(huα)ρut
√−g d3x =
∫
(vα − Ωφα)∇α∆Φρut
√−g d3x
=
∫ [
Dα{(vα − Ωφα)∆Φρutα√γ}+ {£k(ρ
√−g)− £u(ρ
√−g)}∆Φ] d3x
=
∫
[£k(ρ
√−g)− £u(ρ
√−g)]∆Φd3x, (4.15)
where we assume ρ = 0 for the distant zone to derive the last line. Then, together with Eqs. (4.12) and (4.13), Eq.
(4.11) is rewritten as
δMADM − ΩδJ =
∫ {
£k(ρ
√−g)∆Φ− ξa£k(ja√γ) + 1
16π
(δπab£kγab − δγab£kπab)
}
d3x. (4.16)
The form of the “first law” described in Eq. (4.11) or Eq. (4.16) is derived without relying on the helical symmetry
of the spacetime and the fluid. Choosing the maximal slicing condition K = 0 = π, we may rewrite Eq. (4.16) using
tracefree part of the conjugate momentum πˆab = πab − 1
3
γabπ and the conformal metric γ˜ab = ψ
−4γab as
δMADM − ΩδJ =
∫ [
£k(ρ
√−g)∆Φ− ξa£k(ja√γ) + 1
16π
{δ(ψ4πˆab)£kγ˜ab − δγ˜ab£k(ψ4πˆab)}
]
d3x
=
∫ [
£k(ρ
√−g)∆Φ− ξa£k(ja√γ) + 1
16π
(δAˆab£kγ˜
ab − δγ˜ab£kAˆab)
]
d3x. (4.17)
Here, the gauge choice π = 0 implies δπ = 0 and £kπ = 0.
If one requires £kγab = 0 and £kπ
ab = 0 (or £kγ˜
ab = 0 and £kAˆab = 0) in a gauge π = 0 = K, together
with conditions for the fluid variables £k(ρ
√−g) = 0 and £k(ja√γ) = 0, Eq. (4.16) leads to the first law relation
δMADM = ΩδJ . However, these assumptions are equivalent to imposing helical symmetry on the whole spacetime
and, hence, preclude asymptotic flatness; in other words, MADM and J are ill defined.
In a realistic system, the radiation reaction violates the Killing symmetry. In its presence, δγab and δπ
ab are
determined by the radiation reaction, and these terms may be proportional to the violation of the helical symmetry
near the source. Namely, we expect that the following relations hold:
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(£kγab)δt = δγab, (4.18)
(£kπ
ab)δt = δπab, (4.19)
or in the gauge K = 0,
(£kγ˜
ab)δt = δγ˜ab, (4.20)
(£kAˆab)δt = δAˆab, (4.21)
where δt is a radiation reaction time scale. In this case, the right-hand side of Eq. (4.16) vanishes with the symmetry
for the fluid variables. This indicates that even with the slight violation of the helical symmetry due to the radiation
reaction, a relation δMADM = ΩδJ may be well satisfied.
Finally, as shown in [21], δMADM = ΩδJ is exact in the conformal flatness approximation (IWM formalism). In
this case, one needs to replace the Lagrangian density (2.9) by one that reproduces the field equations of the IWM
formalism. One can derive such a Lagrangian density by substituting π = 0 and γ˜ab = ηab into Eq. (2.9). Then,
assuming helical symmetry for the fluid and from the fact δγ˜ab = 0, the first law is shown to be satisfied. (See [21]
for a description of the artificiality of this choice in a helically symmetric IWM framework.)
V. CANDIDATE FORMULATIONS FOR QUASIEQUILIBRIA
The condition uab = O(r−3) is not compatible with helical symmetry in the whole spacetime. Thus, we propose to
impose
uab =
{ −£Ωφγ˜ab for r ≤ r0,
0 for r ≥ r0, (5.1)
where r0 is an arbitrary radius. With this condition, the type of the field equation for h˜ij changes from Helmholtz-type
to elliptic for r ≃ r0. To make the equation be almost elliptic for numerical computation, it may be desirable to take
r0 within the light cylinder radius as r0 <∼ 2π/Ω. On the other hand, we can impose helical symmetry on Aˆab without
serious difficulty. In this case, helical symmetry is exact in the near zone and, as a result, the violation of the first
law is given by
δMADM − ΩδJ = 1
16π
∫
r>r0
(δAˆab)£Ωφγ˜
abd3x. (5.2)
Since (δAˆab)£Ωφγ˜
ab falls off as O(r−4) and the integral is done only in the distant zone, the magnitude of the integral
would be very small. Thus, even with the modified formulation, the first law would be satisfied approximately.
Furthermore, the virial relation is satisfied in this formulation.
The condition for ∂tAˆab may be changed to
vab =
{
−£ΩφAˆab for r ≤ r0,
0 for r ≥ r0. (5.3)
Then,
δMADM − ΩδJ = 1
16π
∫
r>r0
[
(δAˆab)£Ωφγ˜
ab − (£ΩφAˆab)δγ˜ab
]
d3x. (5.4)
Even in this case, the magnitude of the violation of the first law would be small, and the virial relation holds. The
merit in this approach is that the right-hand side of the elliptic equation for h˜ab falls off as O(r
−4). As a result, it is
numerically easier to integrate the equation.
We also note that instead of using the step function, we may write
uab = −£f(r)Ωφγ˜ab, (5.5)
vab = −£f(r)ΩφAˆab, (5.6)
where f(r) is a smooth function that satisfies the condition
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f(r) =
{
1 for r ≪ r0,
0 for r ≫ r0. (5.7)
This choice is equivalent to taking a Killing vector of the form
kµ =
(
∂
∂t
)µ
+ f(r)Ω
(
∂
∂ϕ
)µ
. (5.8)
This Killing vector is helical in the near zone and purely timelike for r →∞.
Finally we comment on other possible formulations. In the formulation with uab = 0 = vab, the virial relation
is satisfied for a quasiequilibrium binary. However, the first law along quasiequilibrium sequences is not satisfied in
general. The violation of the first law is written as
δMADM − ΩδJ = Ω
16π
∫ [
(δAˆab)£φγ˜
ab − (£φAˆab)δγ˜ab
]
d3x
= − Ω
16π
δ
∫
(£φAˆab)γ˜
abd3x. (5.9)
VI. SUMMARY
Two relations, the virial relation MADM =MK and the first law δMADM = ΩδJ , are regarded as guiding principles
to develop a formalism for computing binary compact objects in quasiequilibrium circular orbits in general relativ-
ity. Deriving the explicit equations for MADM −MK and δMADM − ΩδJ on the assumption that the spacetime is
asymptotically flat, it is shown that a solution and a sequence of the solutions computed in some formulations satisfy
these two conditions at least approximately. We propose a formulation in which the full Einstein equation is solved
with the maximal slicing and in a transverse gauge for the conformal three-metric. In the proposed formulation, the
solution in the near zone is helically symmetric, but in the distant zone, it is asymptotically waveless.
So far, quasiequilibria of binary neutron stars have been computed using the conformal flatness approximation for
the three-metric [9,11]. In this formulation, only five components of the Einstein equation are satisfied, and thus,
the obtained numerical solutions for quasiequilibria involve a systematic error. Specifically, in a real solution of the
quasiequilibrium circular orbit, the conformal nonflat part of the three-metric will be of order (M/a)2, which can be
∼ 0.1 near the neutron stars for close circular orbits of a <∼ 10M (e.g., [4]). This implies that to compute an accurate
quasiequilibrium in circular orbits of error within, say, 1%, it will be necessary to take into account the conformal
nonflat part of the three-metric. In the new formulations described here, such term is computed, and thus, more
accurate solutions of quasiequilibria will be obtained. Currently, we are working in computation of binary neutron
stars in quasiequilibrium circular orbits using these formulations. In a subsequent paper [31], we will present the
numerical results. Such a numerical solution will be also used as an appropriate initial condition for simulations of
binary neutron star mergers [5].
In this paper, we restrict our attention to the system in which no black hole exist. In the presence of black holes,
we should carefully treat the surface terms at event horizons. The surface terms would modify the equations for the
virial relation and first law [21,33]. The formulation for computation of quasiequilibrium black hole binaries are left
for the future [32].
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APPENDIX A: EVOLUTION EQUATION FOR THE SCALAR MOMENT AND VIRIAL RELATION
In this section, we derive the virial relation by direct integration of the Euler equation. Thus, the virial relation we
consider here is associated with an evolution equation for the scalar moment as in the Newtonian case. In the end,
we confirm that the virial relation derived is equivalent to MK =MADM.
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In the following, we often refer to Mχ as a “Komar like mass” that is defined by the asymptotic behavior of a
function χ := αψ at r →∞,
χ→ 1− Mχ
2r
+O(r−2). (A1)
For simplicity, in the following calculation, we adopt a gauge in which K = 0, F k = 0, and γ˜ = η, and we carry out
the calculations in Cartesian coordinates. We often need to evaluate surface integrals at r → ∞. In the evaluation,
we assume Eqs. (2.60)–(2.64) as well as (A1) the asymptotic behaviors of geometric variables. As a consequence, all
the volume integrals that appear below are well defined, and furthermore, the surface integrals derived during the
calculation can be safely discarded.
From the asymptotic behavior as r →∞, we can define Mχ and MADM using the surface integrals
Mχ =
1
2π
∫
∞
ψ∂iχdS
i, (A2)
MADM = − 1
2π
∫
∞
χ∂iψdS
i. (A3)
Using the Gauss’s law, they can be rewritten in other forms
Mχ =
1
2π
∫
(ψ∆˜χ+ γ˜ij∂iχ∂jψ)d
3x, (A4)
MADM = − 1
2π
∫
(χ∆˜ψ + γ˜ij∂iψ∂jχ)d
3x. (A5)
The difference between MADM and Mχ is written in the form
Mχ −MADM =
∫ [
2χψ5S kk +
3
8π
χψ5A˜ ji A˜
i
j +
1
8π
χψR˜+
1
π
γ˜ij∂iψ∂jχ
]
d3x. (A6)
Here, using Eq. (2.34), we can derive an identity,
∫
αψ6A˜ijA˜
j
id
3x =
1
2
∫
ψ6A˜ij(∂iβ
j + γ˜ikγ˜
jn∂nβ
k + γ˜jnβk∂kγ˜ni − γ˜jkuik)d3x
=
∫ [
ψ6A˜ij∂iβ
j +
1
2
ψ6A˜jnβk∂kγ˜jn − 1
2
ψ6A˜ijuij
]
d3x
=
∫ [
−
{
∂i(ψ
6A˜ij)− ψ6A˜lkΓ˜kjl
}
βj +
1
2
ψ6A˜iju
ij
]
d3x
= −
∫ [
8πjiψ
6βi − 1
2
Aˆiju
ij
]
d3x, (A7)
where Γ˜kij denotes the Christoffel symbol with respect to γ˜ij , and Aˆij = ψ
6A˜ij . Thus, we obtain
Mχ −MADM =
∫ [
ψ6jl(2v
l − βl) + 6αψ6P + 3
16π
Aˆiju
ij +
1
8π
χψR˜+
1
π
γ˜ij(∂iψ)∂jχ
]
d3x, (A8)
where we use the relation
αS kk =
jkulγ
kl
ut
+ 3αP = jk(v
k + βk) + 3αP. (A9)
(Note that vk here is defined by vk = uk/ut.) In stationary spacetimes, the relation MADM = Mχ [28,29] and
uij = ∂tγ˜ij = 0 should hold. Thus, we get the virial relation as
∫ [
ψ6jl(2v
l − βl) + 6αψ6P + 1
8π
χψR˜+
1
π
γ˜ij(∂iψ)∂jχ
]
d3x = 0. (A10)
In quasiequilibrium binaries, uij 6= 0 in general. Thus, the virial relation, MADM =Mχ, is written as
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∫ [
ψ6jl(2v
l − βl) + 6αψ6P + 3
16π
Aˆiju
ij +
1
8π
χψR˜+
1
π
γ˜ij(∂iψ)∂jχ
]
d3x = 0. (A11)
As in the Newtonian case, we can derive the general relativistic virial relation from the evolution equation for the
scalar moment. First, we write the general relativistic Euler equation γνk∇µT µν = 0 in the form
∂t(jkψ
6) + ∂j(jkψ
6vj) + ∂k(αψ
6P ) + ρHψ
5∂kχ− (ρH + 2S ll )χψ4∂kψ − ψ6jl∂kβl +
1
2
χψSij∂kγ˜
ij = 0. (A12)
Equation (A12) is a fully general relativistic expression, and no simplification is done. Taking an inner product with
xk, we have ∫
xk
[
∂t(jkψ
6) + ∂j(jkψ
6vj) + ∂k(αψ
6P )
+ρHψ
5∂kχ− (ρH + 2S ll )χψ4∂kψ − ψ6jl∂kβl +
1
2
χψSij∂kγ˜
ij
]
d3x = 0. (A13)
In the following, we carry out the integral for each term separately.
(1) First term:
I1 :=
∫
xk∂t(jkψ
6)d3x =
d
dt
∫
xkjkψ
6d3x. (A14)
In the Newtonian limit, jkψ
6 → ρvk = ρdxk/dt, and thus, this term leads to half of the second time-derivative of the
scalar moment, i.e., I¨kk/2 .
(2) Second and third terms: By integration by parts, we immediately find
I2:=
∫
xk∂j(jkv
jψ6)d3x = −
∫
jkv
kψ6d3x, (A15)
I3:=
∫
xk∂k(αψ
6P )d3x = −3
∫
αψ6Pd3x. (A16)
In the Newtonian limit, −I2 and −I3 are the terms associated with kinetic energy and internal energy.
(3) Fourth and fifth terms: Using Eqs. (2.26) and (2.33), we can rewrite the combination of them as
ρHψ
5∂kχ− (ρH + 2S ll )χψ4∂kψ =
R˜
16π
∂k(χψ)− 1
2π
[
(∆ψ)∂kχ+ (∆χ)∂kψ
]
− ψ
12A˜ ji A˜
i
j
16π
∂k
(
α
ψ6
)
. (A17)
Taking into account an identity,∫ [
(xk∂kψ)∆χ+ (x
k∂kχ)∆ψ
]
d3x =
∫ [
γ˜ij(∂iχ)∂jψ + x
k(∂iχ)(∂jψ)∂kγ˜
ij
]
d3x, (A18)
where we discard the vanishing surface integral terms, we find
I4:=
∫
xk[ρHψ
5∂kχ− (ρH + 2S ll )χψ4∂kψ]d3x
=
1
16π
∫ [
R˜xk∂k(χψ)− 8
{
γ˜ij(∂iχ)∂jψ + x
k(∂kγ˜
ij)(∂iχ)∂jψ
}
− ψ12A˜ ji A˜ ij xk∂k
(
α
ψ6
)]
d3x. (A19)
(4) Sixth term:
I5:= −
∫
ψ6jlx
k∂kβ
ld3x
= − 1
8π
∫
xk∂kβ
l
[
∂i(ψ
6A˜ il ) +
1
2
ψ6A˜ij∂lγ˜
ij
]
d3x
= − 1
8π
∫ [
−ψ6A˜ il (xk∂k∂iβl + ∂iβl) +
1
2
xk(∂kβ
l)ψ6A˜ij∂lγ˜
ij
]
d3x
= − 1
8π
∫ [
(∂iβ
l)xk∂k(ψ
6A˜il) + 2(∂iβ
l)ψ6A˜ il +
1
2
xk(∂kβ
l)ψ6A˜ij∂lγ˜
ij
]
d3x
= − 1
8π
∫ [
(∂iβ
l)xk∂k(ψ
6A˜il)− 2βl∂i(ψ6A˜ il ) +
1
2
xk(∂kβ
l)ψ6A˜ij∂lγ˜
ij
]
d3x. (A20)
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Here, let us evaluate the first term. Using Eq. (2.34),
I ′5:= −
1
8π
∫
(∂iβ
l)xk∂k(ψ
6A˜il)d
3x
= − 1
8π
∫
(2αA˜l i − γ˜jlγ˜ik∂jβk − γ˜jlβk∂kγ˜ij + γ˜jluij)xk∂k(ψ6A˜il)d3x
= − 1
8π
∫ [
(2αA˜l i − γ˜jlβk∂kγ˜ij + γ˜jluij)xk∂k(ψ6A˜il) + (∂jβk)ψ6A˜ilxm∂m(γ˜jlγ˜ik)
]
d3x− I ′5. (A21)
Thus,
I ′5= −
1
16π
∫ [
(2αA˜l i − γ˜ljβk∂kγ˜ij + γ˜jluij)∂m(ψ6A˜il) + (∂jβk)(A˜ij∂mγ˜ik + A˜kl∂mγ˜jl)ψ6
]
xmd3x
= − 1
16π
∫ [
α
ψ6
∂m(ψ
12A˜l iA˜
i
l) + (γ˜ijβ
k∂kγ˜
jl + γ˜jluij)∂m(ψ
6A˜il) + (∂jβ
k)(A˜ij∂mγ˜ik + A˜kl∂mγ˜
jl)ψ6
]
xmd3x
= − 1
16π
∫ [{
−∂m
(
α
ψ6
)
ψ12A˜l iA˜
i
l + β
k∂kγ˜
jl
(
∂m(ψ
6A˜jl)− ψ6A˜il∂mγ˜ij
)
+ γ˜jluij∂m(ψ
6A˜il)
+(∂jβ
k)(A˜ij∂mγ˜ik + A˜kl∂mγ˜
jl)ψ6
}
xm − 3αψ6A˜l iA˜il
]
d3x. (A22)
As a result,
I5= − 1
16π
∫ [
−3αψ6A˜l iA˜il − ψ12A˜l iA˜ilxm∂m
(
α
ψ6
)
+ βk(∂k γ˜
jl)
(
∂m(ψ
6A˜jl)− ψ6A˜il∂mγ˜ij
)
xm
+γ˜jluijx
m∂m(ψ
6A˜il) + (∂jβ
k)(A˜ij∂mγ˜ik + A˜kl∂mγ˜
jl)ψ6xm
+xk(∂kβ
l)ψ6A˜ij∂lγ˜
ij − 2βl(16πjlψ6 − ψ6A˜ij∂lγ˜ij)
]
d3x
= − 1
16π
∫ [
−3
2
Aˆklu
kl − ψ12A˜l iA˜ilxm∂m
(
α
ψ6
)
+ βk(∂kγ˜
jl)
(
∂m(ψ
6A˜jl)− ψ6A˜il∂mγ˜ij
)
xm
+γ˜jluijx
m∂m(ψ
6A˜il) + (∂jβ
k)(A˜ij∂mγ˜ik + A˜kl∂mγ˜
jl)ψ6xm
+xk(∂kβ
l)ψ6A˜ij∂lγ˜
ij − βl(8πjlψ6 − 2ψ6A˜ij∂lγ˜ij)
]
d3x. (A23)
(5) Seventh term: Using Eq. (2.35), we rewrite it as
χψ
2
Sijx
k∂kγ˜
ij=
1
16π
xk∂kγ˜
ij
[
χψ
(
R˜ij +R
ψ
ij −
1
α
DiDjα
)
+ψ6
(
− 2αA˜ikA˜ kj + D˜iβ˜kA˜kj + D˜jβ˜kA˜ki −
2
3
D˜kβ˜
kA˜ij + β
kD˜kA˜ij − ∂tA˜ij
)]
, (A24)
where we use γ˜ij∂kγ˜
ij = ∂k ln γ˜ = 0.
By straightforward calculations, we obtain
I6:=
1
16π
∫
χψxk(∂kγ˜
ij)R˜ijd
3x = − 1
16π
∫ [
∂l(χψ)x
k(∂k γ˜
ij)Γ˜lij + x
k∂k(χψ)R˜ + R˜χψ
]
d3x, (A25)
I7:=
1
16π
∫ [
χψR˜ψij − ψ2DiDjα
]
xk∂kγ˜
ijd3x =
1
16π
∫ [− D˜iD˜j(χψ) + 8(∂iψ)∂jχ
]
xk∂kγ˜
ijd3x
=
1
16π
∫ [
Γ˜lij∂l(χψ) + 8(∂iψ)∂jχ
]
xk∂kγ˜
ijd3x. (A26)
Here, to derive the first equation, we use the spatial gauge condition F k = 0 and relations in the present gauge as
R˜ = −1
2
(∂lγ˜
ij)Γ˜lij = γ˜
ijΓ˜likΓ˜
k
jl. (A27)
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The spatial gauge condition is also used in calculation for I7.
To evaluate the remaining terms, we first rewrite the following equation using the definition of A˜ij as
−2αA˜ikA˜kj + D˜iβkA˜kj + D˜jβkA˜ki −
2
3
D˜kβ
kA˜ij + β
kD˜kA˜ij
= βk∂kA˜ij − A˜ kj γ˜il∂kβl + A˜ik∂jβk − A˜ljβk∂kγ˜il + A˜kjuik. (A28)
Then, after a straightforward calculation, we get
I8=
1
16π
∫ [
−2αA˜ikA˜kj + D˜iβkA˜kj + D˜jβkA˜ki −
2
3
D˜kβ
kA˜ij + β
kD˜kA˜ij − ∂tA˜ij
]
ψ6xl∂lγ˜
ijd3x
=
1
16π
∫ [
−(∂tAˆij)xl∂lγ˜ij + ψ6A˜ij(∂k γ˜ij)xl∂lβk + 2βk(∂kγ˜ij)A˜ijψ6 + βkxl(∂kγ˜ij)∂l(ψ6A˜ij)
+ ψ6xlA˜ik(∂kβ
j)∂lγ˜ij + x
lψ6A˜ik(∂jβ
k)∂lγ˜
ij − βkxnψ6A˜lj(∂kγ˜il)∂nγ˜ij + xlψ6A˜kjuik∂lγ˜ij
]
d3x, (A29)
where we use an identity ∂t lnψ
6 = Dkβ
k = ψ−6∂k(ψ
6βk) that follows from the maximal slicing condition K = 0.
Eventually, we find that I5 + I8 has the following simple form
I5 + I8=
1
16π
∫ [
−3
2
Aˆklu
kl + ψ12A˜ ji A˜
i
j x
n∂n
(
α
ψ6
)
+ 8πjkψ
6βk − vijxn∂nγ˜ij − Aˆijxn∂nuij
]
d3x. (A30)
By summation of I1 ∼ I8, we obtain the following simple relation:
0 =
8∑
i=1
Ii=
d
dt
∫
xkjkψ
6d3x−
∫ [
1
16π
χψR˜+ jkv
kψ6 + 3αψ6P +
1
2π
γ˜ij∂iχ∂jψ − 1
2
ψ6jkβ
k
+
3
32π
Aˆiju
ij +
1
16π
(vijx
n∂nγ˜
ij + Aˆijx
n∂nu
ij)
]
d3x
=
MADM −Mχ
2
+
d
dt
∫
xkjkψ
6d3x− 1
16π
∫
(vijx
n∂nγ˜
ij + Aˆijx
n∂nu
ij)d3x (A31)
Here, since uij = ∂tγ˜
ij and vij = ∂tAˆij , the second integral term in the last line of Eq. (A31) is rewritten as
− 1
16π
d
dt
∫
(ψ6A˜ijx
n∂nγ˜
ij)d3x. (A32)
Using the momentum constraint, we further rewrite this term as
− 1
16π
d
dt
∫
(ψ6A˜ijx
k∂kγ˜
ij)d3x
= − 1
8π
d
dt
[∫
xk
{
∂i(A˜
i
kψ
6) +
1
2
ψ6A˜ij∂kγ˜
ij
}
d3x−
∫
∞
dSiA˜
i
kx
kψ6
]
= − d
dt
[∫
xkjkψ
6d3x− 1
2
Zkk
]
. (A33)
Thus, a similar relation between MADM and Mχ
MADM =Mχ − dZkk
dt
. (A34)
is derived as is done for MADM and MK in Sec. III. In this way, one can associate a relation of two masses MADM
and Mχ (MK) to a moment equation of the relativistic Euler equation Eq. (A13).
In the Newtonian theory, we usually check the accuracy of numerical solutions by the virial relation. Since the
relation is not trivially satisfied in numerical solutions, violation of this relation can be used to estimate the magnitude
of the numerical error of equilibria. Motivated by this idea, a virial relation is also derived for axisymmetric equilibrium
states in general relativity [34], and it is subsequently used to check accuracy of numerical solutions for rotating neutron
stars [35]. The virial relation has been also derived for binary neutron stars in quasiequilibrium in conformally flat
spacetimes [21] and applied for monitoring accuracy of numerical solutions in [36]. The virial relation, e.g., Eq. (A11),
derived here will be used when checking the accuracy of nonaxisymmetric numerical solutions.
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